Left ideals in an enveloping algebra, prelie products and 
applications to simple complex Lie algebras 



L. Foissy 

Laboratoire de Mathematiques, Universite de Reims 
Moulin de la Housse - BP 1039 - 51687 REIMS Cedex 2, France 
e-mail : loic.foissy@univ-reims.fr 



ABSTRACT. We characterize prelie algebras in words of left ideals of the enveloping algebras 
and in words of modules, and use this result to prove that a simple complex finite-dimensional 
CS| [ Lie algebra is not prelie, with the possible exception of f^. 

Keywords. Prelie algebras, simple complex finite dimensional algebras. 

AMS classification. 17B20; 16S30; 17D25. 



< 
-i— > 



Contents 

1 Prelie products on a Lie algebra ^ 

1.1 Preliminaries and recalls on symmetric coalgebras 

1.2 Extension of a prelie product 

1.3 Prelie product associated to a left ideal 

1.4 Prelie products on a Lie algebra 

1.5 Good and very good pointed modules 

o 



2 Are the complex simple Lie algebras prelie? [12 



' 2.1 General results [12 

2.2 Representations of small dimension [12 



2.3 Proof in the generic cases [13 



^ ■ 2.4 Case of so 2n +i uA 

2.5 Proof for sl§ and g 2 16 



Dendriform products on cofree coalgebra [17 



3.1 Preliminaries and results on tensor coalgebras [17 



3.2 Left ideal associated to a dendriform Hopf algebra [18 



3.3 Dendriform products on a tensorial coalgebra [19 



3.4 Dendriform structures on a cofree coalgebra 21 



MuPAD computations [22 



4.1 Dimensions of simple modules [22 



4.2 Computations for sIq [24 



4.3 Computations for g 2 [26 



1 



Introduction 



A (left) prelie algebra, or equivalently a left Vinberg algebra, or a left-symmetric algebra [T|[2"|I13| 
is a couple (V,*), where V is a vector space and * a bilinear product on V such that for all 
x,y,z e V: 



This axiom implies that the bracket defined by [x,y] = x-ky — y-kx satisfies the Jacobi identity, 
so V is a Lie algebra; moreover, (Vj *) is a left module on V . The free prelie algebra is described 
in [1] in terms of rooted trees, making a link with the Connes-Kreimer Hopf algebra of Renor- 
malization [3l [6] . 

The aim of this text is to give examples of Lie algebras which are not prelie, namely the 
simple complex Lie algebras of finite dimension. For this, we use the construction of of the 
extension of the prelie product of a prelie algebra (0,*) which gives to the symmetric coalgebra 
S(g) an associative product *, making it isomorphic to U(g). This construction is also used in 
[9] to classify right-sided cocommutative graded and connected Hopf algebras. A remarkable 
corollary of this construction is that S(g)>2 = ® n >2^ n (Q) i s a l e ft ideal of (S ($),*). As a 
consequence, there exists a left ideal I of 14(g), such that the augmentation ideal U(g)j r ofU(g) 
can be decomposed as U(g)j r = g(& I. We prove here the converse result: more precisely, given 
any Lie algebra g, we prove in theorem [11] that there exists a bijection into these two sets: 

• VC(g) = {* | * is a prelie product on g inducing the bracket of g}. 

• CX(g) = {I left ideal of U{g) \ U + {g) = 0/}. 

Let then a prelie algebra 0, and I the ideal corresponding to the prelie product of 0. The 
0-module U(g)/I contains a submodule of codimension 1, isomorphic to (0,*), and the special 
element 1 + I. This leads to the definition of good pointed modules (definition I13p . The sets 
VC(g) and CX(g) are in bijection with the set QM.(g) of isoclasses of good pointed modules, as 
proved in theorem [TH 

If is semisimple, then any good pointed module is isomorphic to K © (0,*) as a 0-module. 
This leads to the definition of very good pointed module, and we prove that if is a semisimple 
Lie algebra, then it is prelie if, and only if has a very good pointed module. If is a simple 
complex lie algebra, with the possible exception of [4, we prove that it has no very good pointed 
module, so is not prelie. The proof is separated into three cases: first, the generic cases, then 
S02n+i> an d finally sIq and 02, which are proved by direct computations using the computer al- 
gebra system MuPAD pro 4. We conjecture that this is also true for f4 (the computations would 
be similar, though very longer). 

We also give in this text a non cocommutative version of theorem [Til replacing enveloping 
algebras (which are symmetric coalgebras, as the base field is of characteristic zero) by cofree 
coalgebras, and prelie algebras by dendriform algebras |8j [10]. If A is a cofree coalgebra, we 
prove in theorem 1321 that there is a bijection between these two sets: 

• W(A) = {(-<, >-) I (A, -<, y, A) is a dendriform Hopf algebra}. 



The text is organized as follows: the first section deals with the general results on prelie 
algebras: after preliminaries on symmetric coalgebras, theorem [TTJ is proved and good pointed 
modules are introduced. The second section is devoted to the study of good pointed modules 
over simple complex Lie algebras. The results on dendriform algebras are exposed in the third 
section and the MuPAD procedures used in this text are written in the last section. 



(x * y) k z — x k (y * z) = (y -k x) -k z — y -k (x * z). 




(A, *, A) is a Hopf algebra and 

/ is a left ideal of A such that A + = Prim(A) © / 
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Notations. 

1. K is a commutative field of characteristic zero. Any algebra, coalgebra, bialgebra, etc, of 
this text will be taken over K. 

2. Let g be a Lie algebra. We denote by U(q) its enveloping algebra and by U+(g) the 
augmentation ideal of U(g). 



1 Prelie products on a Lie algebra 

1.1 Preliminaries and recalls on symmetric coalgebras 

Let V be a vector space. The algebra S(V) is given a coproduct A, defined as the unique algebra 
morphism from S(V) to S(V) <8> S(V), such that A(v) = v <g> 1 + 1 <8> v for all v G V . Let us recall 
the following facts: 

• Let us fix a basis (vi)i e A of V. We define SA as the set of sequences a = (aj)jgA of elements 
of N, with a finite support. For an element a G SA, we put 1(a) = ^ Oj. For all a G 5A, 

we put: 




Then (f a )ae<SA is a basis of S(V), and the coproduct is given by: 

A(u ) = Ub ® 

6+c=a 

• Let S+(V) be the augmentation ideal of S(V). It is given a coassociative, non counitary 
coproduct A defined by A(x) = A(x) — x ® 1 — 1 (g> x for all x G S+fV). In other terms, 
putting 5+A = <SA — {(0)}, (t> a )ae<s + A is a basis of S+(V) and: 

A(v a ) = ^ Vfe <S> v c . 

b+c=a 
b,c£S+A 

• Let AW : S+(V) — ► S+(V)®( n +V be the n-th iterated coproduct of S+(V). Then: 

n 

Ker (AW) =0,S fc (y). 
fc=i 

In particular, Prim(5(F)) = V. 

• (S n (V)) ne ^ is a gradation of the coalgebra S(V). 

Lemma 1 In S+(V) <g> Ker(A ® Id — Id® A) = Im(A) + V <g> V. 

Proof. D. Indeed, if y = A(x) + t> i <8> i> 2 G Im(A) + V (?) V, as A is coassociative: 

(A®Id)(y) - (Id® A)(y) = (A ® Id) o A(x) - (Id ® A) o A(x) 

+A(vi) <S>V2 - vi® A(v 2 ) 
= 0. 

C. Let A G Ker(A ® Id — Id (£> A). Choosing a basis (t> j)j 6 A of V, we put: 

A = ^ X a:b V a ® V b . 
a,beS + A 
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By homogeneity, we can suppose that X is homogeneous of a certain degree n > 2 in S + (V) <g> 
S+(V). If n = 2, then X eV®V. Let us assume that n > 3. Then: 

(A®W)oA(I)= ^ ^ + t,A®^®fc=(W®A)°A(I)= ^ x ai6+c f a ®v 6 ®v c . 

So, for all a, c G S+A, 6 G SA, x a+bjC = x afi+c . 

Let a, 6, a', 6' G 5+ A, such that a + b = a' + b' . Let us show that x a (, = x a i y. 

First case. Let us assume that the support of a and a' are not disjoint. For all i G A, we put: 

a,i if a- - aj > 0, 
if a\-a { < 0, 

a- if aj - a • > 0, 
if Oi - < < 0. 

Then c and c' belong to SA. Moreover, for all i G A, aj + Cj = + c^, so a + c = a' + c', or 
a' = o + c - c'. As a + b = a' + b', b' = b - c + d. 
For all i G A: 

„ _ J _ / °i if °i - °i > °» 
fli q \ a, if a* - < 0. 

So a — c' G SA. Moreover, if a — d = 0, then if a« > = 0, so the support of a' is included 

in {i / dj < a^}. If a« < then a« = 0, so the support of a is included in {i / a,i > a^}. As a 
consequence, the supports of a and a' are disjoint: this is a contradiction. So a — d G S + A. As 
a — d and 6' G S + A: 

%a',b' = x a~c'+c,b' = x a—c',b'+c = %a—c',b+c' ■ 

As a — d and b G <S + A: 

%a—c',b+c' = %a,b- 

The proof is similar if the support of b and b' are not disjoint, permuting the roles of (a, a') and 

Second case. Let us assume that the supports of a and a' , and the supports of 6 and 6' are 
disjoint. We then denote, up to a permutation of the index set A: 

a = (ai, . . . ,a k ,0, . . . ,0, . . .), 

a = (0, ...,o,4 +1 ,...,4 + ,,o, ...), 

where the a^'s and the a'^s are non-zero. As a + b = a' + b', necessarily 6fc +1 / 0. 

First subcase. 1(a) or l(a') > 1. We can suppose that /(a) > 1. Then a and (ai — 
1, a2, • • • , afc,0, . . .) are elements of <S + A because 1(a) > 1 and their support are non disjoint. 
By the first case: 

%a,b = x (ai-l,a 2 ,...,a fc ,0,...),6+(l,0,...)- 

Moreover, the supports of (ai — 1, a2, . . . , a^, 0, . . .) and (ai — 1, 02, . . . , a&, 1,0, . . .) are not disjoint. 
As > 0, 6 + (1, 0, . . .) — (0, . . . , 0, 1, 0, . . .) belongs to S+A. By the first case: 

a; (ai-l,o 2 ,...,o fc ,0,...),b+(l,0,-) = x (oi-l,a2,...,afc,l,0,...),6+(l,0,...,0,-l,0,...)- 
Finally, the support of (a± — 1, 02, ... , a*,, 1,0,.. .) and a' are not disjoint, so: 

a; (ai-l,O2,...,o fc ,l,0,-).6+( 1 .0.-,0,-l,0,-) = x a',b'- 
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If 1(b) or l(b') > 1, the proof is similar, permuting the roles of (a, a') and (b,b'). 

Second subcase. 1(a) = l(a') = 1(b) = l(b') = 1. Then v a © Vb,v a r © v y G V © V. By the 
homogeneity condition, x a ^ = x a > ■y = 0. 

Hence, we put x a+ b = x a b for all a,b G 5+A: this does not depend of the choice of a and b. 

So: 

X = ^ x c u a®V& = X c A(f c ), 

ce<S+A a+6=c cgS+A 
a,feG5+A 

so X G Im(A). a 
Lemma 2 In 5(V), Im(A) n (V © V) = 5 2 (^). 

Proof. C. By cocommutativity of A. D. If v, to € V, then v®w+w®v= A(vw). □ 
Lemma 3 Let W be a subspace of S+(V), such that S+(V) = V ffi W . There exists a unique 

coalgebra endomorphism (f> of S(V), such that cf)\y = Idy and (f> I ^^^(V) I = W . Moreover, 

\n>2 J 

(j) is an automorphism. 

We shall denote from now: 

CO 

S>2(V) = @S n (V). 

n=2 

Proof. Existence. We denote by nw the projection on W in the direct sum S(V) = (l)®Vffi 
W. We define inductively (f)ig n ryy If ti = 0, it is defined by (f)(1) = 1. If n = 1, it is defined by 
0iy = Idy . Let is assume that <j> is defined on the subcoalgebra C n _i = K © V © . . . © S n ~ 1 iV) 
with n > 2 and let us define on S n (V). Let v a G S" n (y). Then A(u ) G C n _i © C n _i, so 
((f)® (f)) o A(v a ) is already defined. Moreover: 

(A © Id) o (4> © 0) o A(u ) = © © 0) o (A © Id) o A(« ) 

= © ^ © 0) o (Id © A) o A(u a ) 
= (Id® A) o (0©^) o A (v a ). 

By lemma[TJ (<ft © 0) o A(v a ) G Im(A) + © V. Moreover, as A is cocommutative, using lemma 

12 

(4> © 0) o A(v a ) G (Im(A) + V ®V)nS 2 (S(V)) 

g /m(A) + (y ®v) ns 2 (S(v)) 

G /m(A) + S 2 (F) 
G Im(A). 

Let u> a G 5+(V), such that ((f) © 0) o A(u a ) = A(u> a ). We put then (f>(v a ) = ^w(w a )- So 
<p(v a ) G W. Moreover, w a — TTw(w a ) G F C ifer(A), so: 

(<f> © 0) o A(v a ) = <f>(v a ) © 0(1) + (f)(1) © 0(w a ) + (4> © 0) o A(u ) 

= 0(« tt ) © 1 + 1 © 0(u a ) + A(tu a ) 

= ^(u ) © 1 + 1 © <f>(v a ) + A(nw(w a )) 

= A(0(« o )). 

So 0|c< n is a coalgebra morphism. 
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Unicity. Let (f> be another coalgebra endomorphism satisfying the required properties. Let 
us show that 4>(v a ) = <p{v a ) by induction on n = 1(a). If n = or 1, this is immediate. Let us 
assume the result at all rank < n, n > 2. Then: 

A(4>(v a ) - 4>(v a )) = (<f> ® (f> - 4> ® 4>) I v b®v c 

\b+c=a&S + K 

by the induction hypothesis. So 4>(v a ) — 4>(v a ) € Prim(S{V)) = V . Moreover, it belongs to 

HS>2(V)) + 4>(s> 2 (v)) c w. As v n w = (o), ...«„) = ...«„). 

We have defined in this way an endomorphism 0, such that 0iy = Idy and 0(S' n (y)) C 
for all n > 2. We now show that </> is an automorphism. Let us suppose that Ker((f>) ^ (0). As <j) 
is a coalgebra morphism, Ker(<j)) is a non-zero coideal, so it contains primitive elements, that is 
to say elements of V: impossible, as <j>\y is monic. So <p is monic. Let us prove that v a 6 Im(4>) 
by induction on /(a). If Z(a) = or 1, then <ft(v a ) = v a . We can suppose that v a = Xvi . . . Vk, 
where A is a non-zero scalar. Then: 

& fc-1 («a) = A ® • • • ® = A ^ 0(v ff (l)) ® • • • ® ^K(fc)) = A* _1 (0(Va))- 

So v a - 4>(v a ) € -fCer(A fc " 1 ) = © F © . . . © C Jm(^) by the induction hypothesis. So 

v a € Im(4>) and </> is epic. As a consequence, (p(S>2(V)) = W. □ 

1.2 Extension of a prelie product 

Definition 4 A (left) prelie algebra is a vector space g, with a product * satisfying the 
following property: for all x,y,z 6 g, 

(x * y) * z — x * (y * z) = (y * x) * z — y * (x * z). 

Remark. A prelie algebra g is also a Lie algebra, with the bracket given by: 

[x,y]=x*y-y*x. 

This bracket will be called the Lie bracket induced by the prelie product. 

Let (3,*) be a prelie algebra. By [5 J and [llj, permuting left and right, the prelie product * 
can be extended to the coalgebra S(g) in the following way: for all x,y £ g, P,Q,R £ 5(g), 

1 * P = P, 
(xP)-ky = x* {P *y) — {x* P)*y, 

{ p*(QR) = Z{p (1) *Q) {p (2) *R). 

Then S(g) is given an associative product * defined by P * Q = (P^ *Q)- Moreover, 

(S(g),*,A) is isomorphic, as a Hopf algebra, to U(q). There exists a unique isomorphism of 
Hopf algebras: 

W(fl) — > (S(g),*, A) 
x G g — >■ iGg. 



Lemma 5 For alln>l,g* S" n (g) C S^(fl). 

Proof. By induction on n. This is immediate for n = 1. Let us assume the result at rank 
n — 1. Let P = yQ € S n (g), with y € g and Q 6 5 n_1 (g). For all x G g, as x is primitive: 

x * P = (x * y)Q + y(x * Q). 

Note that x * y G g and x* Q £ S n ~ 1 (g) by the induction hypothesis. So G 5 n (g). □ 
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Proposition 6 Let g be a prelie algebra. We denote S>2(q) = ^^S n (g). Th 



en: 

n>2 



!• S>2(fl) is a left ideal for *. 

2. <S>2(s) is a bilateral ideal for * if, and only if, * is associative on g. 

Proof. 1. Let x G g and Q G S n (g), with n > 2. Then, by lemma[5l 

x*Q = xQ + x*Q£ S n+1 (V) + S n (V). 

As a consequence, S>2(q) is stable by left multiplication by an element of g. As g generates 
(S(q), *) (because it is isomorphic to U(g)), <S>2(g) is a left ideal. 

2, Let us first show that S n (g) * g C <S>2(g) for all n > 2 by induction on n. For 

n = 2, take x,y,z G g. Then (xy) -k z = x -k (y -k z) — (x -k y) -k z = 0, as * is associative 
on g. Let us assume the result at rank n — 1 (n > 3). Let x G g, P G S' n_1 (y), y € g. 
Then (xP) * z = x -k (P * 2) — (x -k P) -k z. By the induction hypothesis, P -k z G 5>2(g). By 
lemma [5j x -k (P -k z) G <S>2(fl). By lemma [5] x -k P G S' n_1 (g). By the induction hypothesis, 
(x*P)*z G 5> 2 (g). So S"(gj*fl C ,S>2(g) for all n > 2. 

Let us now prove that S>2(fl) * g Q S>2(g). Let P G <S>2(s) and y G g. We put A(P) = 
POl + ltgiP + ^P'® P"- Then: 

P*y = p y + p±y + Y^P'(P"*y). 

Note that Py and ^P'(p" * y) belong to 5>2(fl)- We already proved P*y G 5>2(g). As g 
generates (5(g), *), 5>2(fl) is a right ideal. By the first point, it is a bilateral ideal. 

2, =X Let us assume that * is not associative on g. There exists x,y,z G g, such that 
x -k (y -k z) — (x -k y) -k z 7^ 0. Then: 

(xy) * z = xyz + x(y -k z) + y(x -k z) + (xy) -k z 

= xyz + x(y * z) + y(x * z) + x -k (y -k z) — (x * y) * z, 
65> 2 (g) eV-{0} 

so (xy) * z ^ S>2(q), which is not a right ideal. □ 
Definition 7 Let g be a Lie algebra. We define: 

1. VC(q) = {-k I -k is a prelie product on g inducing the bracket of g}. 

2. £Z(g) = {I left ideal of | U+fa) = g I}. 

Proposition 8 There exists an application: 

. f P£(g) — ► Cl(g) 

"l * — > CH^Ms)) 

Proof. 3> g (*) is indeed an element of CI(g), as S>2(q) is a left ideal of (S(q), *) and is an 
isomorphism of algebras. □ 
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1.3 Prelie product associated to a left ideal 

Proposition 9 Let I G CI(q). We denote by w Q the projection on g in the direct sum 
^(fl) = (1) © © !• Then the product * defined by x-ky = zu s (xy) is an element ofV£(g). This 
defines an application *S> Q : CZ(q) — > VC(q). 

Proof. Let x,y £ q. In U(g), xy — yx = [x,y] G g, so: 

x*y - y*x = w^(xy - yx) = w g ([x,y]) = [x,y], 

so -k induces the Lie bracket of g. It remains to prove that it is prelie. Let us fix a basis (ui)igA 
of g. By the Poincare-Birkhoff-Witt theorem, U(q) is isomorphic to S(q) as a coalgebra. Using 
lemma O there exists an isomorphism of coalgebras: 



S(5) 



v e 



such that </>/(S>2(g)) = We denote by (v a ) a eSA the basis of image of the basis (f a )ae<SA 
of S(q). As a consequence: 

• A basis of / is given by (f a ) ae5 A, /(a)>2- 

• For all a G SA, A(v a ) = v b <g> v c . 

b+c=a 

We put Sj = (5ij)i£i for all j G / (so Vi = v &i for all i G /) and, for all a, b G SA: 



v a v b 



ceSA 



By definition, for all i,j G /: 

kei 

Let us prove the prelie relation for Vi,Vj,v k . It is obvious if z = j: let us assume that i ^ j. 
Then, in U{q): 

A (viVj - v 5i+s ^ = (viVj - v Si+S A ® 1 + 1 ® (viVj - v Si+s i 

+Vi ® Vj + Vj ® Vi - V Si ® V 5 * - V 5 i ® V 5 * 



ViVj - v St+5j 



1 + 1 (8) ( ViVj - v Sl+S J 



So ViVj - v s * +S J G Prim(S(g)) = g. So: 



v^j = v Si+Sj 



vl^ s V Sk = V 5i+S * +Vi*Vj. 



Hence: 



W s (Vi(VjV k )) 



VceSA 



cG<SA 
V(c)>2 



ViV 



dl, left ideal 



+ W g (Vi(Vj *v k )) 



O + Vi-k (vj*v k ) 

W s ((ViVj)v k ) 

m g (v Si+5 iv k ) + w s {(vi -kvj)v k ) 

ZU g (v Si+ j V k ) + (Vi *Vj)*V k . 
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So: 

Vi * (Vj -k V k ) - (Vi k Vj) *V k = W g (v Si+5 iv k ) = Vj * (Vi -k v k ) - (Vj * Vi) -k v k . 

Hence, the product * is prelie. □ 

1.4 Prelie products on a Lie algebra 

Proposition 10 The applications <l? g and ^ s are inverse bijections. 

Proof. Let * G VC(g). We put I = $ g (*) and • = ^f g (I). Let ir s be the canonical surjection 
on g in S(g). Then, as £*(!) = S> 2 (q), o ro g = 7r g o So, for all x,y G g: 

= ^°ro g (xy) = vr g o^(a;y) = vr g (x * y) = ir s {xy + x ★ y) = x*y = £*(x*y). 

As is monic, x • y = x -k x, so $ 8 o $ 8 (*) = *. 

Let / G £Z(g). We put * = ^ / g (I). We have to prove that Ci~ 1 (S>2(g)) = I, that is to say 
£*(/) = 5 , >2(fl)- Because they are both complements of (1) ©g and is bijective, it is enough to 
prove £*(/) C 5>2(fl). With the preceding notations, let u a G /, /(a) > 2, and let us prove that 
d(v a ) G <5>2(fl). If /(a) = 2, we put a = 5i + <5j-. Then we saw that v a = ViVj — Vi-kVj if i ^ j. If 
i = j, in the same way, 2v a = ViVj — Vi* Vj. So, up to a non-zero mutiplicative constant A: 

£±(v a ) = X(vi * vj - Vi-kvj) = X(viVj + Vi-kvj - Vi-kvj) = XviVj G 5> 2 (g). 

If 1(a) > 3, we put a = a' + 5i for a well-chosen i, with /(a') > 2. Then, there exists a non-zero 
constant A such that, in U(g), A(v a ) = X(viV a ). So, as / is a left ideal, v a — XviV a G gfl I = (0), 
so v a = A^jW a . Then £*(v a ) = Vi*<p(v a ). By the induction hypothesis, 0(-u a ) belongs to £>2(g), 
left ideal for *, so t> a belongs to <S>2(g)- D 

As a conclusion: 

Theorem 11 Let g be a Lie algebra. There exists a prelie product on g inducing its Lie 
bracket, if, and only if, there exists a left ideal L ofU(g) such thatlA+(g) = gffi J. More precisely, 
there exists a bijection between the sets: 

• V£(q) = {-k | -k is a prelie product on g inducing the bracket of g}. 

• CT(g) = {/ left ideal ofU{g) | U+(g) = g ® I}. 

It is given by *$> s : CT(g) — > VC(g), associating to a left ideal I the prelie product defined by 
x-ky = zu s (xy), where w s is the canonical projection on g in the direct sum U+(g) = g © J. The 
inverse bijection is given by <£ g : VC(g) — > CT(g), associating to a prelie product -k the left ideal 
U(g)Vect(xy - x-ky, x,y G g). 

Proof. It only remains to prove that <$ fl (*) is generated by the elements xy — x-ky, x,y G g. 
Using the isomorphism it is equivalent to prove that the left ideal S>2(V) of (S(V),*) is 
generated by the elements x * y — x-ky, i,y£g. By definition of *, for all x, y G g: 

x * y — x-ky = xy + x-ky — x-ky = xy, 

so it is equivalent to prove that the left ideal S>2(V) is generated by S 2 (V). Let us denote by 
J the left ideal generated by S 2 (V). As S>2(V) is a left ideal, J C S>2(V). Let v\, . . . ,v n G g, 
with n > 2. Let us prove that V\ . . . v n G J by induction on n. This is obvious if n = 2. If n > 3: 

vi * (v 2 ■ ■ ■ v n ) = vi . . . v n + vi * (v 2 ■ ■ ■ v n ). 

By lemma [5J V\ -k (v 2 ■ ■ ■ v n ) G By the induction hypothesis, as n > 3, V\ * (v2 ■ ■ ■ v n ) 

and v\ -k (v2 ■ ■ ■ v n ) belong to J, so v\ . . . v n G J. As a conclusion, 5>2(U) = J. □ 
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Corollary 12 Let g be a Lie algebra. There exists an associative product on g inducing its 
Lie bracket, if, and only if, there exists a bilateral ideal L ofli{g) such thatlA + {g) = g©/. More 
precisely, there exists a bijection between the sets: 

1. AS(q) = {* | * is an associative product on g inducing the bracket of g}. 

2. Bl(g) = {L bilateral ideal ofU(g) / U+(g) = g © I}. 

It is given by ^ g : CZ{g) — > 'PC(g), associating to a left ideal I the associative product defined 
by x-ky = iu s (xy), where w s is the canonical projection on g in the direct sum W+(g) = g © /. 

Proof. It is enough to verify that * B (HZ(g)) C AS(g) and $ g (AS(g)) C BI(g). Let 
* G AS{g). By proposition [6J 5>2(g) is a bilateral ideal, so is $ B (*) = ^ 1 (5*>2(g)). Let 
I G ASg r (g)). Then g ~ lA+{g)/I inherits an associative product, which is * = *$> S (I). □ 

1.5 Good and very good pointed modules 
Definition 13 Let g be a Lie algebra. 

1. A pointed g-module is a couple (M, m), where M is a g-module and m € M. 

2. Let (M, m) be a pointed g-module. The application T m is defined by: 



3. A pointed g-module (M, m) is good if the following assertions hold: 

• T m is injective. 

• Im(T m ) is a submodule of M which does not contains m. 

• M/Im(T m ) rs K (trivial g-module) as a g-module. 

4. A pointed g-module (M, m) is very good if T m is bijective. 

Note that all good pointed g-modules have the same dimension, so we can consider the set 
GA4(g) of isomorphism classes of good pointed g-modules. Similarly, we can consider the set 
VQAi(g) of very good pointed g-modules. 

Remark. If (M, m) is good, then it is cyclic, generated by to. Moreover, M/Im(T m ) is 
one-dimensional, trivial, generated by to = m + Jm(T m ). 

Theorem 14 Let g be a Lie algebra. The following application is a bijection: 



Proof. Let us first proove that is well-defined. As / G CZ(g), as a vector space 
U{g)/I = (T) © g. For all x,y G g, xy G U + (g), so x.y G U + {g)/I = g in U(g)/I, as 
/ C Z/f(g). As a conclusion, the subspace g oilA{g)/I is a submodule. Moreover, T-(:r) = x for 
all x G g. So is injective, and its image is the submodule g, so does not contain 1. Finally, 
(U(g) / 1) / Im(Tj) pa U(g) /U + {g) wiTasa g-module. So (U(g)/1, 1) is a good pointed g-module. 

Let us consider: 




G : 



CT{g) 



QM{g) _ 
(W(fl)//,1)- 




£X(g) 

Ann(m) = {x G ZY(g) | x.to = 0}. 
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Let us prove that 6' is well-defined. Let (M,m) be a good pointed g-module. Then Ann(m) 
is a left-ideal of U{g). Let x G Ann(m). Then x.m = 0, so x.m = in M/Im(T m ), so 
x.m = e{x)m = 0. As a conclusion, e{x) = 0, so Ann(m) C W + (g). Let us now show that 
U+{g) = g © Ann(m). First, if x E g n Ann(m), then Y m (x) = x.m = 0. As T m is monic, 
x = 0. If y G U + {q), then y.m = e(y)m = in M/Im(T m ), so y.m G 7m(T m ): there exists 
x G g, such that y.m = x.m. Hence, y — x G Ann(m), soy = x + (y — x) G g + ^nn^m). Finally, 
Ann(m) G £7(g). 

Moreover, if (M, m) and (M', m/) are isomorphic (that is to say there is an isomorphism of 
g-modules from M to M' sending m to m'), then Ann(m) = Ann{m'). So 0' is well-defined. 

Let (M, m) be a good pointed g-module. Then o 0'(M, m) = (U(g) /Ann(m), 1) ~ (M, m), 
as M is cyclic, generated by m. Let now 7 G CI(g). Then 0' o 0(7) is the annihilator of 1 in 
U(g)/I, so is equal to 7. As a conclusion, and 0' are inverse bijections. □ 

Definition 15 The set GM'(g) is the set of isomorphism classes of couple ((M, m),V), 
where: 

• (M, m) is a good pointed g-module. 

• V is a submodule of M such that M = V © Im(T m ). 

Proposition 16 For any Lie algebra g, GM'(g) is in bijection with V^A^(g). 

Proof. Let ((M, m), V) be an element of QM'(g). As M / Im(T m ) ps K, the complement F 
of Jm(T m ) is trivial and one-dimensional. As m ^ Im(T m ), V admits a unique element m' = 
m+x.m, where x G g. Let us show that (Im(T m ), —x.m) is very good. Let m" G Im(T m ). There 
exists y G g, such that y.m = m" . Then y.m' = e(y)m' = = y.m + y.{x.m) = m" + y.(x.m), 
so m" = y.(-x.m) = T- X . m (y). Hence, T^ x/m is epic. 

Let us assume that T_ x m (y) = 0. Then y.m' = e(y)m' = = y.m+y.(x.m) = y.m = T m (x). 
As T m is monic, y = 0, so Y-^.m is also monic. 

Moreover, if ((M,m),V) « ((M',m'), F'), then (Im(T m ),—x.m) and (7m(T m /, — x'.m') are 
isomorphic, so the following application is well-defined: 

f 6?M'(g) — > vaX(g) 
•\((M,m),y) — > (7m(T m ),-x.m). 

Let now (M, m) be a very good pointed g-module. Let us prove that ((K © M, 1 + m), 7f) 
is an element of £/A4'(g). First, for all x G g, Ti +m (x) = e(x)l + x + m = + T m (x), so 
Yi+m = Y m . As a consequence, im(Ti +m ) = M is a submodule which does not contains 1 + m, 
Ti +m is monic, and K is a complement of 7m(Ti +m ). Hence, ((K © M, 1 + m), K) G GM'(g). 
Moreover, if (M, m) « (M', m'), then ((if © M, 1 + m), K) w ((if © M', 1 + m'), if), so the 
following application is well-defined: 

a/ . / V^(g) — »• ^'(g) 

"\ (M,m) — »■ ((if ©M, 1 + m), if). 

Let (M,m) G VGM{g). Then A o A'((M, m)) = (M,m). Let ((M,m),V) G ^A4'(g). Then 
the following application is an isomorphism of pointed g-modules and sends if to V: 

( (if ©7m(T m ),l -x.m) — > M 

\ A + m" — > Am' + m". 

So A and A' are inverse bijections. □ 
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2 Are the complex simple Lie algebras prelie? 



The aim of this section is to prove that the complex finite-dimensional simple Lie algebras are 
not prelie. In this section, the base field is the field of complex C. We shall use the notations 
of [1] in the whole section. In particular, if g is a simple complex finite-dimensional Lie algebra, 
r(ai,...,a n ) i s the simple g-module of hightest weight (01, . . . ,a n ). 

2.1 General results 

Proposition 17 Let g be a finite- dimensional semi-simple Lie algebra. Then there exists a 
prelie product on g inducing its bracket if, and only if, there exists a very good pointed g-module. 

Proof. As the category of finite-dimensional modules over g is semi-simple, for any good 
pointed g-module (M, m), there exists a V such that ((M, m), V) 6 GM(g). Using the bijections 
of the preceding section, VC(g) is non-empty if, and only if, CZ{g) is non-empty, if, and only 
if, the set QM(g) is non-empty, if, and only if, the set QM'{g) is non-empty, if, and only if, 
VQAi(g) is non-empty. □ 

Let g be a finite-dimensional complex simple Lie algebra. In order to prove that g is not 
prelie, we have to prove that g has no very good pointed modules. 

Lemma 18 Let (M, m) be a very good g-module and let M' be a submodule of M . There 
exists m' € M , such that the following application is epic: 



Trv,/ 



M' — ► M' 
x — > x.m! . 



Proof. As g is semi-simple, let M" be a complement of M' in M and let m = m' + m" the 
decomposition of m in M = M' © M". Let u £ M'. As T m is bijective, there exists a (unique) 
x G g, such that T m (x) = u. So u + = x.m' + xm" in the direct sum M = M' © M" . Hence, 
^m' 0*0 = u an d T m / is epic. □ 

Corollary 19 Let (M,m) be a very good g-module. Then M is not isomorphic to (g,ad) 
and its trivial component is (0). 

Proof. First, note that for all x € g, ((g,ad),x) is not very good: it is obvious if x = and 
if x 0, T x (x) = [x,x] = 0, so is not monic. 

If (M,m) is very good, let us consider its trivial component M' . By the preceding lemma, 
there exists m! 6 M' , such that T m i : M' — > M' is epic. As M' is trivial, T m / = 0, and finally 
W = (0). □ 

2.2 Representations of small dimension 

We first give the representations of g with dimension smaller than the dimension of g. We shall 
say that a g-module M is small if: 

• M is simple. 

• The dimension of M is smaller than the dimension of g. 

• M is not trivial and not isomorphic to (g,ad). 

Remark. By corollary Q21 any very good module is the direct sum of small modules. 



Let n be the rank of g and let rV aij ___ j0n ) be the simple g-module of highest weight (oi, . . . , a n ). 
The dimension of rV aii ... )0n ) is given in in chapter 15 for st n +i, (formula 15.17), in chapter 24 
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for 5p 2n , S02n and S02 n +i (exercises 24.20, 24.30 and 24.42). It turns out from these formulas 
that if b\ < a±,...b n < a n , then cizm(r^ li ...,&„)) < dim(T(^ aij ..., an )), with equality if, and only 
if, (6i, . . . , b n ) = (a±, . . . , a n ). Direct computations of dwn(r( ,...,o,3,o,...,o)) then shows that it is 
enough to compute the dimensions of rV aij ___ j0jj ) with all ai < 2. With the help of a computer, 
we obtain: 






dim(o) 


small modules V 


aimyv ) 


sl n , n > 9 


n 2 - 1 


r(i,o,...,o)> ^(0, ...,o,i) 


n 






r (o,i,o,. ..,o)) r (o ,...,o,i,o) 


n(n - l)/2 






1 (2,0,. ..,0), 1 (0,...,0,2) 


(n + 1J/2 


Sin, 3 < n < o 


^ 2 1 

n — 1 


r (o,...,o,i,...,o)> tne 1 in position % 


(J 






1 (2,0,.. .,0), 1 (0,...,0,2) 


(n + l)/z 


Sl2 


q 


J- 1 


z 


s P2n; n = 2 or n > 4 


n2n + 1 


r (i,o,...,o) 


2n 






r(o,i,o,...,o) 


2ra + l(n - 1) 




Zl 


1 (1,0,0) 









"P P 

1 (0,1,0), 1 (0,0,1) 


1 /I 
14 


S02n, n > 8 


n(2n - 1) 


r (i,o,...,o) 


2n 


S02n, 4 < n < 7 


n{2n — L) 


"P 

1 (1,0,. ..,0) 


zn 






1 (0,0,1,0,. ..,0), 1 (0,...,0,1) 


on— 1 
Z 


506 


1 K 

lo 


"P 

1 (1,0,0) 









1 (0,1,0) i 1 (0,0,1) 


/I 






1 (0,2,0)5 1 (0,0,2) 


i n 


S02n+1, n > 7 


n2n + 1 


r (i,o,...,o) 


2n + 1 


so 2n +i, 2 < n < 6 


n2n + 1 


r (i,o,...,o) 


2n + 1 






r (o,...,o,i) 


2™ 




78 


r (i,o,o,o,o,o) 


27 


e 7 


133 


r (i,o,o,o,o,o,o) 


56 


es 


78 


X 


X 


f4 


52 


r (i,o,o,o) 


26 


02 


14 


r (i,o) 


7 



2.3 Proof in the generic cases 

Proposition 20 Let g be si n , with n ^ 6, or S02 n , w^/i n > 2, or sp 2n , w«£/t n > 2, or e n; 
6 < n < 8. T/ien g is not prelie. 

Proof. Let g be a simple finite-dimensional Lie algebra, with a prelie product inducing its 
Lie bracket. From the preceding results, g has a very good pointed g-module (M,m), and the 
submodules appearing in the decomposition of M into simples modules are all small. Let us 
show that it is not possible in these different cases. 

First case. If g = si n , with n > 9, then the decomposition of a very good pointed g-module 
into simples would have a submodules of dimension n, b submodules of dimensions n(n — l)/2 
and c submodules of dimension n(n + l)/2. So: 

2 , n(n — 1) n(n + 1) 

n 2 - l = an + — - + c—-^ — -. 

Let us assume that n has a prime factor p ^ 2. Then p \ n, p \ n(n ± 1) and 2 | n(n ±1), so 
p | "fo^ 1 ) . As a consequence, p | n 2 — 1, so p | 1: this is absurd. So n = 2 fc for a certain k > 4, 
as n > 9. Then: 

a2 k + &2 fc_1 (2* - 1) + c2 fc - 1 (2 fc + 1) = 2 2fc - 1, 
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so 2 k 1 | 2 2k — 1 and k = 1: contradiction. 

Second case. Similarly, if g = sp 2n with n / 3, we would have a, b £ N such that a2n + 
bin + l(n - 1) = n2n + 1. If b > 2, then n2n + 1 > 22n + l(n - 1), so 2n + l(n - 2) < and 
n < 2: contradiction. So 6 = or 1. If 6 = 0, then a = n + ^: absurd. If b = 1, then o = 1 + 
absurd. 

Third case. If g = 502 n , with n > 8, then we would have 2n | n(2n— 1), so n — ^ € N: absurd. 
Other cases. Let us sum up the possible dimensions of the small modules in an array: 






dimensions of the small modules 


dim{Q) 




2 


3 


— t 

s[ 3 


3, 6 


8 


sl 4 


4,6,10 


15 


sis 


5,10, 15 


24 




7,21,28,35 


48 


sl 8 


8,28,36,56 


63 


506 


4,6,10 


15 


S0 8 


8 


28 


SOio 


10,16 


45 


S0i2 


12,32 


66 


S0i4 


14,64 


91 




6,14 


21 


ee 


27 


78 


e 7 


56 


133 




X 


248 



In all cases except sc>6, (there is a prime integer which divides all the dimensions of the small 
submodules but not the dimension of g), or (there is a unique dimension of small modules and it 
does not divide the dimension of g), or (there is no small modules). So g is not prelie. For so 12, 
it comes from the fact that 4 divides 12 and 32 but divides not 66. 

So none of these Lie algebras is prelie. □ 



2.4 Case of so 2n+ i 

We assume that n > 2. Let us recall that: 



S02n+1 



A 


B 


— l F 


C 


-*A 




E 


F 






I B, C skew symmetric } , 

where A, B, C are n x n matrices, E, F are lxn matrices. 

Lemma 21 Let (M, m) be a very good pointed module over g = sc^n+i- Then M is isomor- 
phic to M2n+i,n(C) as a Q-module, with the action of g given by the (left) matricial product. 

Proof. Let us first assume that n > 7. Then g has a unique small module of dimension 2n + l, 
which is the standard representation C 2n+1 . So if M is a direct sum of copies of this module; 
comparing the dimension, there are necessarily n copies of this module, soM« M2 n +i )n (C). 
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If n < 6, let us sum up the possible dimensions of the small modules in an array: 



a 

V 


dimensions of the small modules 


dim^Q) 


505 


5,4 


10 


507 


7,8 


21 


S0 9 


9, 16 


36 


son 


11,32 


55 


S013 


13,64 


78 



In all these cases, the only possible decomposition of M is n copies of the standard representation 
of dimension 2n + 1, so the conclusion also holds. □ 

The elements of M 2n +i, n (C) will be written as (jPj , where X,Y £ M n (C) and z G Mi jn (C). 

Proposition 22 For any m = (JPj G M2 n +i,n(C), (M2 n +i )Tl (<C),m) is not very good. 

Proof. Let us denote: 

M = {A G M 2n+ i, n ((C) I (M 2n+1;n (C), A) is very good}. 



Let us recall that: 
S02n+1 



0/0 

5eM 2n+ i )2n+ i(C) I f B I 7 

0/ 



B 




It is well-known that if B G SC^n+i and A G S02n+i> then /M/? G S02 n +i- 

Firsi step. Let us prove that m G Ad if, and only if, i?m G for all B G 50271+1 • Let us 
assume that m G A4 and let i? G S02 n +i- Let us take A G Ker(T Bm)- Then ABm = 0, so 
B~ x ABm = and £? -1 AE> G Ker(T m ). As m e M, T m is bijective, so A = 0: I B m is momc. 
As M and S02 n +i have the same dimension, Y#m is bijective. 

Second step. Let us prove that m G M. if, and only if, mP G for all P G GL(n). Indeed, 
m — > mP is an isomorphism of g-modules for all P G GL(n). 

/x\ ( QXP \ 

Third step. Let us prove that [Yj G M if, and only if, I *Q- 1 yp I G for all P,Q £ GL(n). 

Indeed, if G A4 and if P, Q G GL(n), by the first and second steps: 



Q 





























as the left-multiplying matrix is an element of S02 n +i- 

Fourth step. Let (y^J G A4, let us prove that X is invertible. If X is not invertible, for a 

good choice of P and Q, QXP has its first row and first column equal to 0. By the third step, 
/ QXP \ 

m = t Q~ 1 YP G M, but T m i(E n+ i 2 — E n+ 2 1) = 0, where Eij is the elementary matrix with 
V zP J 

only a 1 in position (i, j): this is a contradiction. So X is invertible. 

Zas£ step. Let us assume that A4 is not empty and let m = (jPj G A4. Then X is invertible. 
For a good choice of P and Q, we obtain an element m' = ^y'^ G A4. Let us then choose a 
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non-zero skew-symmetric matrix B £ M n (C) (this exists as n > 2), then the following element 
is in so 2n +i: 

—BY B 
A= | l YBY - l YB | £ soo„ +1 . 


An easy computation shows that A.m' = 0, so A £ Ker(T m i): contradiction, m' £ M. So M. is 
empty. □ 



Corollary 23 For all n > 2, 502n+i is n °t prelie. 



2.5 Proof for st 6 and g 2 

The Lie algebra sIq has dimension 35, and the possible dimensions of its small modules are 6, 15, 
20. So if (M, m) is a very good pointed module, M is the direct sum of a simple of dimension 15 
and a simple of dimension 20. As there is only one simple of dimension 20, that is to say A 3 (V) 
where V is the standard representation, M contains A 3 (V). By lemma [TBI in order to prove that 
sIq is not prelie, it is enough to prove that for any m £ A S (V), T m is not epic. This essentially 
consists to show that the rank of a certain 20 x 35 matrix is not 20 and this can be done directly 
using MuPAD pro 4, see section 14.21 

The proof for 02 is similar: if (M, m) is a very good module, then M ~ V © V, where V is 
the only small module of 0, that is to say its standard representation. So M ~ My^C) as a 
0-module. It remains to show that for any m, (M7 2(C),m) is not very good. This essentially 
consists to show that a certain 14 x 14 matrix is not invertible and this can be done directly 
using MuPAD pro 4, see section 14.31 

The proof for f± would be similar: if (M, m) is a very good module, then M ~ V © V , where 
V is the only small module of 0, that is to say its standard representation. So M ~ Af26,2(C) 
as a f4-module. It would remain to show that for any m, (M26,2(C),m) is not very good. This 
would consist to show that a certain 52 x 52 matrix is not invertible. 

We finally prove: 

Theorem 24 Let q be a simple, finite- dimensional complex Lie algebra. If it is not isomor- 
phic to f4, it is not prelie. 

We conjecture: 

Theorem 25 Let q be a simple, finite- dimensional complex Lie algebra. Then it is not prelie. 

Remark. As a corollary, we obtain that g is not associative. This result is also proved 
in a different way in [7|, with the help of compatible products. Indeed, we have the following 
equivalences: 

the prelie product * is compatible 
<=^> Vx, y, z £ 0, [x,y*z] = [x,y\*z + y* [x, z] 

<^=> Vx, y, z £ 0, x -k (y * z) — (y * z) * x — (x * y) * z + (y * x) * z — y * (x * z) + y * (z * x) 
<^=> Vx, y, z £ 0, —(y-kz)-kx — \-y * (z * x) = 
<^=> * is associative. 
As from [7], the only admissible associative product on is 0, is not associative. 
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3 Dendriform products on cofree coalgebra 
3.1 Preliminaries and results on tensor coalgebras 

Let V be a vector space. The tensor algebra T(V) has a coassociative coproduct, given for all 
v 1 ,...,v n eV by: 

n 

A(vi ...v n ) = y* j v 1 ...v i ® v i+ i ...v n . 

Let us recall the following facts: 

1. Let us fix a basis (uj)ie/ of V. We define TI as the set of words w in letters the elements 
of I. For an element w = i\ . . . G SA, we put l(w) = k, and: 

v w =Y[ v h--- v i k ■ 

iei 

Then (v w ) we -j-l is a basis of T(V), and the coproduct is given by: 

A(v w ) = ^2 v wl ®v W2 . 

WlW2=W 

2. Let T+(V) be the augmentation ideal of T(V). It is given a coassociative, non counitary 
coproduct A defined by A(x) = A(x) for all x G T+(V). In other terms, 
putting T+I = TI — {0}, (v w ) W £j-+l i s a basis of T + (V) and: 

W1W2=W 

wi,u>2£T+I 

3. Let AH : T+(V) — >• T+(V)® (n+ i) be the n-th iterated coproduct of T+(V). Then: 

n 

Ker (AW) =0r A '(V). 
fc=i 

In particular, Prim(T(V)) = V. 

4. (T n (V)) ne N is a gradation of the coalgebra T(V). 

Lemma 26 In T+(V) <g> T+(V), Ker (A ® Id- Id® A) = Im(A). 
Proof. D comes from the coassociativity of A. 

C: let us consider X = x wl>W2 v Wl ® v W2 G Ker(A ® Id — Id ® A) = Im(A). Then: 

(A <g> Id) o A(X) = ^2 x WlW2>W3 v Wl ® <g> ^3 

= (Id ® A) o A(X) = ^2 x Wl<W2W3 v Wl ® v W2 ® v W3 . 

wi,w 2 ,w 3 eT+l 

So, for all wi,W3 G 7+/, wi G 7"/, x wlW2iW3 = x wltW2W3 . In particular, Xi 1 ...j fe) j 1 ... :(fe = Xi lt i 2 ,_,i k j 1 ___j l 
for all ii, . . . ,ik,ji, ■ ■ ■ ,ji G I. We denote by Xi 1 ___i k j 1 ___j l this common value. Then: 

weT+i wiw 2 =w weT+i 

wi,W2(zSA+ 

So X £ Im(A). □ 
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Lemma 27 Let W be a subspace ofT + (V), such that T(V) = (1) ffi V © W. There exists a 

coalgebra endomorphism cp ofT(V), such that <f>\y = Idy and <f> I ^^T n (V) I = W. Moreover, 

\n>2 J 

<j) is an automorphism. 

Proof. Similar to the proof of lemma [3j □ 

Corollary 28 Let C be a cofree coalgebra and let W C C + , such that C = (l)®Prim(C)@W . 
There exists a unique coalgebra isomorphism 4> '■ T{Prim(C)) — > C such that <j)\prim(C) = 
Idp r i m fQ\ and cj}(T>2(Pi"im(C)) = W. 

3.2 Left ideal associated to a dendriform Hopf algebra 

Let A be a dendriform Hopf algebra [8j [10], that is to say the product (denoted by *) of A can 
be split on A + as * =-< + >-, with: 



1. For all x,y,z € A^ 



(x-<y)-<z = x^(y*z), (1) 
(x y y) -< Z = xy (y^z), (2) 
(x * y) y z = (x y y) y z. (3) 



2. For all a,b € A + : 



A(a <b) = a' *b' ® a" -< b" + a' * b <g> a" + b' <g> a -< b" + a' <g> a" -< b + b <g> a, (4) 
A(a yb) = a' *b' ® a" y b" + a * b' (g> b" + b' ® a y b" + a' <g> a" y b + a <g> b. (5) 

We used the following notations: A + is the augmentation ideal of A and A : A + — > 
A+ (g) A+ is the coassociative coproduct defined by A(a) = A(a) — a (8> 1 — 1 <g) a for all 
a G ,4+. 

Proposition 29 Lei A be a dendriform Hopf algebra. Then the following application is a 
monomorphism of coalgebras: 

e _ f T(PHm(A)) — ► A 
A ' \ v 1 ...v n — > v n ^ (v n -i -<(... -< (v 2 -< v{) . . .) 

Moreover, if A is connected as a coalgebra, then Qa is an isomorphism, so A is a cofree coalgebra. 

Proof. For all Vi, . . . , v n £ Prim(A), we put: 

cj(v 1} . . . ,v n ) = v n -< (v n -i -<(... -< (v 2 ~< Vl) . . .)• 

An easy induction using dU) proves that: 



A(w(vi, . . -,v n )) = ^Jw(ui, ...,«») ®w(u i+ i, . . . ,u„). 
i=0 

So 0^4 is a morphism of coalgebras. Let us prove that this morphism is injective. If not, its kernel 
would contain primitive elements of T(Prim(A)), that is to say elements of Prim(A): absurd. 
If A is connected, this morphism is surjective: let us take x € A, let us prove that x € Lm(Q). 
As A is connected, for all x E A, there exists n > 1 such that A( n )(x) = 0. Let us proceed by 
induction on n. If n = 1, then i£gC lm(0). If n > 2, then A^ n_1 ^(x) € g® n . Let us put: 

A(«-i)( x ) = ^ a il .„i n v il ®...®v in . 
h,...,i„el 
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Then: 

A('-)(,) = A('-) a *i- 

\ii,...,i n &I 

By the induction hypothesis, x — (h\...i n v h—in e Im(Q), so x G Im(@). As a conclusion, 

is an isomorphism, so {v w ) w ^fl i s a basis of A. □ 

Proposition 30 Let A be a dendriform Hopf algebra, connected as a coalgebra. Let us put 
A -<2 _ p r i m (A) -< A+. Then: 

1. A + = Prim(A) A^ 2 . 

2. A <2 = A+~< A+. 

3. A <2 is a left ideal of A. 

Proof. 

1. Using 6,4: 

Q A (Prim(A)) = Prim(A), @a I 0Prim(A)® n ) = A^ 2 , A I (^Prim{A)® n \ = A+. 

\n>2 J \n>l / 

As is an isomorphism, we obtain the result. 

2. C. As Prim(A) C A + , A <2 Q A + ^ A + . 

D. Note that A + = Vect (uj(vi, . . . , v n ) \ n > 1, v±, . . . , v n G Prim(A)). Let x = oj(v\, . . . , u m ) 
and y = u(wi, . . . ,w n ) G A + . We put x' = . . . ,v m -%). Then, by ([1]): 

£ -< y = (v m ~< x') -< y = v m -< (x' * y). 

As x' * y G A + , x -< y G 

3. It is enough to prove that A + * A <2 C ^4^ 2 . Let x,y,z G 

x * (y -< z) = x -< (y -< z) + (x y y) -< z G A + -< A + = A <2 . 
bo is a left ideal of A 

□ 

3.3 Dendriform products on a tensorial coalgebra 

Let us now consider an associative product * on the coalgebra T(V), such that: 

1. (T(V), *, A) is a Hopf algebra. 

2. T(V)> 2 = 0T"(1/) is a left ideal of (T(V), *). 

n>2 

Proposition 31 We define a product -< on T+(V) in i/ie following way: for all v,v\, . . . ,v n G 
U ;U ;GT + (n 

J V -< 10 = TO, 

\ (vi . . . v n ) -< w = ((vi . . . v n -i) * w)v n . 
We also put y= * <. Then (T(V), -<, >-, A) is a dendriform Hopf algebra. 
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Proof. Let us first prove ([T]). Let u\, . . . , u k , v±, . . . ,vi,W\, . . . , w m G V. 

(ui . . . Uk -< Vl . . . Vl) -< Wi . . . w m = ((u± . . . * Vi . . . vi)u k ) -<wi...w m 

= (u 1 ...Uk-l*Vl...Vl*Wl...W m )u k 

= U\ ...Uk -< {v\ ...Vl *Wi ...w m ). 

Let us now prove @. We take a = u\ . . . u k , b = v\ . . . v\ G T + (V). We denote a = u\. . . u k -\. 

K(a<b) = K((a*b)u k ) 

= a *b <S> u k + A(a * b)(l ® u k ) 

= a*b(&Uk + a® buk + b<S) au k + a! * b ® a"u k 

+a <g> (a" * b)u k + a * b' <g> b"u k + b' ®{a* b")u k +a! *b' ® (a" * b")u k . 

Moreover, using ([TJ: 

a'*b'®a"<b" = a * b' ®b"u k + a *b' ® (a" *b")u k , 
a' * b ® a" = a*b(&u k + a!*b® a"u k , 
b'<&a<b" = b'®{a*b")u k , 
a' ® a" -< b = a ® bu k + a! <g> (a" * b)u k , 
b ® a = b <g> au k . 

So is satisfied. As T(V) is a Hopf algebra, dU + ([5]) is satisfied, so ([5]) also is. 

Let us prove ([2]). For all x,y,z G T + (V), we put </>(x,y,z) = (x y y) -< z — x y (y ~< z). A 
direct computation using dU) and ([5]) shows that: 

A((f>(x, y, z)) = x'y'z' ® $(x", y" , z") + yV ® $(x, y", z") + x'z' ® $(x", y, z") 

+x'y' <g> $(x", y", z) + z' ® $(x, y, z") + y' ® $(x, y", z) + x' ® $(x", y, z). 

Moreover: 

0(x, y, z) = (x y y) -< z — x * (y -< z) + x -< (y -<! z). 

By definition of (x >- y) -< z and x -< (y -< z) G T>2(V). In the same way, y -< z E T>2(V^), 
left ideal of T(V), so x * (y -< z) G T> 2 (F). finally, (j>(x,y,z) G T> 2 (y). 

Let us now prove that (f)(x, y, z) = by induction on n = Z(x) + /(y) + /(z). If n = 3, 
then x,y,z G V, so are primitive. So A(0(x,y,z)) = 0, and 4>(x,y,z) G V. By the preced- 
ing point, 0(x,y,z) G V PI T>2(F) = (0), so <j>(x,y,z) = 0. Let us assume the result at all 
rank < n. By the induction hypothesis applied to x',y',z' and others, A(0(x, y, z)) = 0, so 
4>(x,y,z) G V CiT> 2 (V) = (0). Hence, © is satisfied. As * is associative, JT|)+(I2]>+© is satis- 
fied, so ([3]) also is. □ 

Remark. In the dendriform Hopf algebra T(V), T(V)^ 2 = T(V)> 2 . 

By the dendriform Cartier-Quillen-Milnor-Moore theorem, T(V) is now the dendriform en- 
veloping algebra of the brace algebra V = Prim(T(V)). By |12j . the brace structure on V 
induced by the dendriform structure of A is given, for all a%, . . . , a n G V, by: 

(ai, ... ,a n ) 

n-1 

= ^( _1 ) n_1 ^( ai -< (<»2 -<(•••-< ai) •••) >" a n -<(■■■ (oi+i >- a i+2 ) y a n _i) 

i=0 
n-1 

= ^(-l) n ~ 1_i (ai . . . at) y a n -< (. . . (oj+i y a i+2 ) >-...)>- Qn-l) 

= Try ^^(-l) n-1 ^(ai . . . y a n -< (. . . (a m >- a i+2 ) y . . .) y a n _i)^j , 
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where we denote by 7iy the canonical projection on V in T(V). We obtain, as TiV)^ 2 = Ker(-Ky): 
(«!,..., d n ) = 7Tv((oi • • • On-l) >" a n) 

= 7iv((oi . . . a n _i) * a n ) - 7ry((ai . . . a n _i) -< a„) 
= 7ry((ai . . . a n _i) * a n ). 

In other terms, identifying V and T+(V)/T(V)>2, V becomes a left (T(V), *)-module, and the 
brace structure of V is given by this module structure. 



3.4 Dendriform structures on a cofree coalgebra 

Theorem 32 Let A be a cofree coalgebra. We define: 

1. DT>(A) = {(-<,>-) | (A, -<,y,A) is a dendriform Hopf algebra}. 

(A,*, A) is a Hopf algebra and \ 
I is a left ideal of A such that A + = Prim(A) © I J ' 

There is a bijection between these two sets, given by: 

j VV(A) — ► C1(A) 
A '{ K>-) — ► (■< + y,A + *A + ). 

Proof. By proposition [30l $a is well-defined. We now define the inverse bijection Let 
(*,/) G £Z(y4). In order to lighten the notation, we put V = Prim(A). By corollary I28[ there 
exists a isomorphism of coalgebras <j)j : T(V) — > A, such that 4>i(v) = v for all v G V and 
4>l(T(V)>2) = I- Let * be the product on T(V), making cpj an isomorphism of Hopf algebras. 
Then T(V)>2 is a left ideal of T(V). By proposition [311 there exists a dendriform structure 
(T(V),-k,y) on T(V). Let (A,~<,y) be the dendriform Hopf algebra structure on A, making 
<f>l an isomorphism of dendriform Hopf algebras. We then put ^a(*,I) = Note that 

-< + >-= *, as ^ + y = ?. 



Let us show that $,40^ = Id>CT(A)- Let (*,/) G £X(j4). We put $a vPa(*,-0 = (*' 3 -0' 
Then, as : (T(V), -k, y) — > (T(V), -<, >-) is an isomorphism of dendriform algebras: 

i = $/(T(y)> 2 ) = 0/(T(y)^ 2 ) = a^ 2 . 

By definition of ^' = ^ 2 = Moreover, *' =-< + >-= *. 



Let us show that ^a°^a = I<km{A)- Let (-<, >-) G VV(A). We put *ao$ a (^, >-) = (-<', y'), 
and $yi(^, y) = (*,/). As 0/ : (T(V), -^!, £-) — >■ (^4, -<', y') is an isomorphism of dendriform 
algebras, we have to prove that <fri : (T(V), £-) — > (A, -<, >-) is an isomorphism of dendriform 
algebras. Let a = u% . . . Uk, b = v± . . . V\ G T + (V). First: 

0j(a^6) - 0j(o) -< Mb) G 0/(T> 2 (F)) + -< = / + / = /. 

Let us prove that (f)i(a~<b) = <fri(a) -< (f>i(b) by induction on k. For k = 1, let us proceed by 
induction on /. For / = 1, fa^a-kb) = (j)i{v\Ui). Moreover, in A: 

A(^(m) -< = A(m -< «i) 

A(0/(ui^ui)) = (^j®^)oA(«hdi) 
= <f>i(vi) ® <^/(ui) 
= «i <gi m. 
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So (friiui^vi) — 4>i(ui) -< 4>i{v\) G Prim(A) C\ I = (0). Let us suppose the result for all I' < I. 
Then, by the induction hypothesis applied to b": 



= (0/ <g> (f>i)(b ui + b' <g> ux<b") 

= Mb) ® + Mb)' ® Mui)<f>i(b") 

= A(<f>i(ui) -< 4>i(b)). 



So <^/(ui^6)) - 0/(ui) -< 0/(6) G Prim(A) n 7 = (0). This prove the result for fc = 1. Let us 
assume the result at all rank A/ < fc. We put ui . . . = a. Then, using the first step: 



4 MuPAD computations 

We here give the different MuPAD procedures we used in this text. 
4.1 Dimensions of simple modules 

The following procedures compute the dimension of the simple module r( aij _ j0n ) for sl„, sp 2 „, 
so 2n and so 2n +i. 

dimsl:=proc(a) 
local n,res; 
begin 

n:=nops(a)+l; 

res : =product (product ( (sum(a[k] ,k=i . .j-l)+j-i)/(j-i) , j=i+l . .n) , i=l . .n-1) ; 
return (res) ; 
end_proc ; 

dimsp:=proc(a) 
local n,k,s,l,res; 
begin 

n:=nops(a) ;1: = [] ; 

for k from 1 to n do 1:=1. [sum(a[x] ,x=k. .n)+n-k] ; end_for; 

res :=product (product ( (1 [i] -1 [j] ) *(1 [i] +1 [j] +2) ,j=i+l. .n) ,i=l. .n-1) ; 

res:=res*product(l[j]+l, j=l. .n) /product ((2*n-2*j-l) ! , j=0. .n-1) ; 

return (res) ; 

end_proc ; 

dimsoodd : =proc (a) 
local n,k,l,res; 
begin 

n:=nops(a) ; 1:=[] ; 

for k from 1 to n do 1 : =1 . [sum(a[x] ,x=k. .n) -a[n] /2+n-k] ; end_for; 



(^iia^b) 



M u k^{a*b)) 
4>i{uk) < (<Pi(a) * <pi(b)) 
{(f>i(u k ) -< M 3 )) -< Mb) 
(0j(u fc -< a)) < Mb) 

Ma) ~< Mi>)- 



So $> A o $ A = Id VV ( A ) . 



□ 
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res :=product (product ( (1 [i] -1 [j] )*(1 [i] +1 [j] +1) ,j=i+l. .n) ,i=l. .n-1) ; 
res:=res*product(2*l[j]+l, j=l. .n) /product ((2*n-2*j-l) ! , j=0. .n-1) ; 
return (res) ; 
end_proc ; 

dimsoeven : =proc (a) 
local n,k,l,res; 
begin 

n:=nops(a) ; 1: = [] ; 

for k from 1 to n-2 do 1:=1. [sum(a[x] ,x=k. .n-2)+a[n-l] /2+a[n] /2+n-k] ;end_for; 
1:=1. [a[n-l]/2+a[n]/2+l,-a[n-l]/2+a[n]/2] ; 

res :=product (product ( (1 [i] -1 [j] ) *(1 [i] +1 [j]) ,j=i+l. .n) ,i=l. .n-1) ; 
res :=res/product((2*n-2*j) ! , j=l . .n-1) *2" (n-1) ; 
return (res) ; 
end_proc ; 

The following procedures give the representations of dimension smaller than dim(g) for g = 
sl n, sp 2n , 50 2n and so 2 „+i. 

smallsl : =proc (n) 
local ens, prod, i,d,dg; 
begin 
dg:=n~2-l; 

print (Unquoted, "dimension of g: " . expr2text (dg) ) ; 
ens : = [] ; 

for i from 1 to n-1 do ens :=ens . [{0, 1 , 2}] ; end_for; 
prod:=combinat: : cartesianProduct : :list(ens [x] $x=l . .n-1); 
for i from 1 to 3" (n-1) do 
d : =dimsl (prod [i] ) ; 

if d<=dg then print (Unquoted, "heighest weight " . expr2text (prod [i] ) . 
" of dimension " . expr2text (d) ) ; 

end_if ; 
end_f or ; 
end_proc ; 

smallsp : =proc (n) 
local ens, prod, i,d,dg; 
begin 

dg:=n*(2*n+l) ; 

print (Unquoted, "dimension of g: " . expr2text (dg) ) ; 
ens : = [] ; 

for i from 1 to n do ens : =ens . [{0 , 1 , 2}] ; end_for; 
prod:=combinat: : cartesianProduct : : list (ens [x] $x=l . .n) ; 
for i from 1 to 3~n do 
d : =dimsp (prod [i] ) ; 

if d<=dg then print (Unquoted, "heighest weight " . expr2text (prod [i] ) . 
" of dimension " . expr2text (d) ) ; 

end_if ; 
end_f or ; 
end_proc ; 

smallsoodd : =proc (n) 
local ens, prod, i,d,dg; 
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begin 

dg:=n*(2*n+l) ; 

print (Unquoted, "dimension of g: " . expr2text (dg) ) ; 
ens : = [] ; 

for i from 1 to n do ens : =ens . [{0 , 1 , 2}] ; end_for; 
prod:=combinat: : cartesianProduct : : list (ens [x] $x=l . .n) ; 
for i from 1 to 3~n do 
d:=dimsoodd(prod[i] ) ; 

if d<=dg then print (Unquoted, "heighest weight " . expr2text (prod [i] ) . 
" of dimension " . expr2text (d) ) ; 

end_if ; 
end_f or ; 
end_proc ; 

smallsoeven : =proc (n) 
local ens, prod, i,d,dg; 
begin 

dg:=n*(2*n-l) ; 

print (Unquoted, "dimension of g: " . expr2text (dg) ) ; 
ens : = [] ; 

for i from 1 to n do ens : =ens . [{0 , 1 , 2}] ; end_for; 
prod:=combinat: : cartesianProduct : : list (ens [x] $x=l . .n) ; 
for i from 1 to 3~n do 
d:=dimsoeven(prod[i] ) ; 

if d<=dg then print (Unquoted, "heighest weight " . expr2text (prod [i] ) . 
" of dimension " . expr2text (d) ) ; 

end_if ; 
end_f or ; 
end_proc ; 

4.2 Computations for sl 6 

The procedure testsl6 produces the matrix used in section [231 corresponding to the action of 
sIq over A 3 (V), where V is the standard representation of s^. 

basis: =[[1,2, 3] , [1,2,4] , [1,2,5] , [1,2,6] , [1,3,4] , [1,3,5] , [1,3,6] , [1,4,5] , [1,4,6] , 
[1,5,6] , [2,3,4] , [2,3,5] , [2,3,6] , [2,4,5] , [2,4,6] , [2,5,6] , 
[3,4,5] , [3,4,6] , [3,5,6] , [4,5,6]] : 

indexbasis : =proc (B) 

local i; 

begin 

for i from 1 to 20 do if B=basis [i] then return (i) ; end_if; end_for; 
end_proc : 

actionbasis :=proc(A,B) 

local vec , vecl , liste , liste2 , coef ,numero,i, j ,k,n; 
begin 

liste : = [] ; i : =B [1] ; j : =B [2] ; k : =B [3] ; 
vec : =matrix(6 , 1) ; vec[i]:=l; vec:=A*vec; 

for n from 1 to 6 do liste : =liste .[ [vec [n] , [n,j ,k] ]] ; end_for; 
vec : =matrix(6 , 1) ; vec[j]:=l; vec:=A*vec; 

for n from 1 to 6 do liste : =liste .[ [vec [n] , [i ,n,k] ]] ; end_for; 
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vec : =matrix(6 , 1) ; vec[k]:=l; vec:=A*vec; 

for n from 1 to 6 do liste : =liste . [ [vec [n] , [i , j ,n] ] ] ; end_for; 
liste2: = [] ; 

for n from 1 to nops (liste) do 
coef : = (liste[n] ) [1] ; 

i : = ( (liste [n] ) [2] ) [1] ; j : = ( (liste [n] ) [2] ) [2] ; k : = ( (liste [n] ) [2] ) [3] ; 
if (coef<>0) then 

if (i<j) and (j<k) then Iiste2:=liste2. [[coef , [i, j ,k]]] ; end_if; 

if (i<k) and (k<j) then liste2 : =liste2 . [ [-coef , [i ,k, j] ] ] ; end_if ; 

if (j<i) and (i<k) then Iiste2:=liste2. [[-coef , [j ,i,k]]] ; end_if ; 

if (j<k) and (k<i) then Iiste2:=liste2. [[coef , [j ,k,i]]] ; end_if ; 

if (k<i) and (i<j) then Iiste2:=liste2. [[coef , [k,i, j]]] ; end_if; 

if (k<j) and (j<i) then liste2 : =liste2 . [ [-coef , [k, i , j] ] ] ; end_if ; 
end_if ; 
end_f or ; 

vec:=matrix(20, 1) ; 

for n from 1 to nops(liste2) do 

coef : = (liste2[n]) [1] ; 

numero : =indexbasis ( (liste2 [n] ) [2] ) ; 

vecl :=matrix(20, 1) ; vec 1 [numero] : =coef ; vec : =vec+vecl ; 
end_f or ; 
return (vec) ; 
end_proc : 

actionvector : =proc (A, vec) 

local i,res; 

begin 

res : =matrix(20, 1) ; 

for i from 1 to 20 do res : =res+vec [i] *actionbasis (A, basis [i] ) ; end_for; 
return (res) ; 
end_proc : 

testsl6:=proc() 

local vec, res, i, j , mat; 

begin 

res: = [] ; vec: = [] ; 

for i from 1 to 20 do vec:=vec. [a[i]] ; end_for; 
for i from 1 to 5 do 

mat:=matrix(6,6) ; mat[i,i]:=l; mat [i+1 , i+1] :=-l ; 

res :=res. actionvector (mat, vec) ; 
end_f or ; 

for i from 1 to 5 do 

for j from i+1 to 6 do 

mat:=matrix(6,6) ; mat[i,j]:=l; 

res : =res . actionvector (mat , vec) ; 

mat :=matrix(6,6) ; mat[j,i]:=l; 

res : =res . actionvector (mat , vec) ; 
end_f or ; 
end_f or ; 
return (res) ; 
end_proc ; 
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4.3 Computations for g 2 

The procedure testg2 produces the matrix used in section 12.41 corresponding to the action of 
g 2 on M 7>2 (C). 

HI :=matrix([ [1,0, 0,0, 0,0,0] ,[0,-1, 0,0, 0,0,0], [0,0, 2, 0,0, 0,0], [0,0, 0,0, 0,0,0], 

[0,0,0,0,-2,0,0] , [0,0,0,0,0,1,0] , [0,0,0,0,0,0,-1]]) : 
H2:=matrix( [[0,0,0,0,0,0,0] ,[0,1, 0,0, 0,0,0], [0,0, -1,0, 0,0,0], [0,0, 0,0, 0,0,0], 

[0,0,0,0,1,0,0] , [0,0,0,0,0,-1,0] , [0,0,0,0,0,0,0]]) : 
Yl:=matrix([ [0,0, 0,0, 0,0,0] ,[1,0, 0,0, 0,0,0], [0,0, 0,0, 0,0,0], [0,0, 1,0, 0,0,0], 

[0,0,0,2,0,0,0] , [0,0,0,0,0,0,0] , [0,0,0,0,0,-1,0]]) : 
Y2:=matrix( [[0,0,0,0,0,0,0] ,[0,0, 0,0, 0,0,0], [0,-1, 0,0, 0,0,0], [0,0, 0,0, 0,0,0], 

[0,0,0,0,0,0,0] , [0,0,0,0,1,0,0] , [0,0,0,0,0,0,0]]) : 
Y3:=-Y1*Y2+Y2*Y1: Y4 : =- 1/2* (Y1*Y3-Y3*Y1) : 
Y5:=1/3*(Y1*Y4-Y4*Y1) : Y6 : =Y2*Y5-Y5*Y2 : 

XI :=matrix([ [0,1, 0,0, 0,0,0] ,[0,0, 0,0, 0,0,0], [0,0, 0,2, 0,0,0], [0,0, 0,0, 1,0,0], 
[0,0,0,0,0,0,0] , [0,0,0,0,0,0,-1] , [0,0,0,0,0,0,0]]) : 

X2:=matrix( [[0,0,0,0,0,0,0] ,[0,0, -1,0, 0,0,0], [0,0, 0,0, 0,0,0], [0,0, 0,0, 0,0,0], 
[0,0,0,0,0,1,0] , [0,0,0,0,0,0,0] , [0,0,0,0,0,0,0]]) : 

X3:=X1*X2-X2*X1: X4 : =1/2* (X1*X3-X3*X1) : 

X5:=-1/3*(X1*X4-X4*X1) : X6 : =- (X2*X5-X5*X2) : 

g2: = [Hl,H2,Xl,X2,X3,X4,X5,X6,Yl,Y2,Y3,Y4,Y5,Y6] : 

testg2 : =proc () 
local i , j ,res ,A,M; 
begin 

A:=matrix(7,2) ; 

for i from 1 to 7 do for j from 1 to 2 do A[i,j] :=a[i,j] ; end_for; end_for; 
res : = [] ; 

for i from 1 to 14 do 
M:=g2[i]*A; 

res:=res.linalg: : stackMatrix(M [1 . .7,1] ,M[1. .7,2]); 
end_f or ; 
return(res) ; 
end_proc ; 
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